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ON THE CHAOTIC ASYMPTOTICS OF RAMANUJAN 'S
ENTIRE FUNCTION Aq(z)
RUIMING ZHANG
Abstrat. We will use a disrete analogue of the lassial Laplae method to
show that for innitely many positive integers n, the main term of the asymp-
toti expansions of saled onuent basi hypergeometri funtions, inluding
the Ramanujan's entire funtion Aq(z), ould be expressed in θ-funtions, and
the error term depends on the ergodi property of ertain real saling param-
eter.
1. Introdution
In [17℄ we studied some Planherel-Rotah type asymptotis for three families
of q-orthogonal polynomials with logarithmi salings. The asymptotis reveals
a remarkable pattern whih is quite a ontrast to the lassial Planherel-Rotah
type asymptotis[6, 24℄. For eah family of suh polynomials, we found that when a
saling parameter is above ertain ritial value, the main term of the asymptotis
involves Ramanujan's entire funtion Aq(z), and the error term is exponentially
small; when the saling parameter is below the ritial value, if it is rational, then
the main term of the asymptotis has a fator of theta funtion and the error term
is exponentially small, if the saling parameter is irrational, then the main term
also ontains some theta funtion, but we ould only show that the error term is
no worse than O(n−1 logn) there.
In this paper, we will use the same tehnique to study a Planherel-Rotah type
asymptotis for the onuent basi hypergeometri series, and we will demonstrate
that the asymptotis follows a similar pattern to the ase when a saling parameter
is less than some ritial value[17℄, with the only exeption that now the base of the
theta funtion expliitly depends on the type of the onuent basi hypergeometri
series. Furthermore, the error term, in the irrational saling parameter ase, is
losely related to the ergodi property of the number. Generally speaking, we ould
improve the error term to O(n−r) , where r is any the positive number less than
the haoti index(we will dene it later in setion 2) of the number. In partiular,
when the saling parameter is a real algebrai number of degree l, the error term
ould not be better than O(n−r) , where the number r is bounded above by l − 1,
and when the saling parameter is a Liouville number, the error term is better than
O(n−r) for any positive number r.
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In setion 2, we rst introdue the Ramanujan's entire funtion Aq(z), then
dene the haoti index of an irrational number whih is related to its ergodi
property. In setion 3, we will prove asymptotis formulas for Aq(z) in detail, and
then just state the results for the onuent basi hypergeometri series without
proofs beause the proofs are similar to the orresponding ases for Aq(z).
2. Preliminaries
2.1. Ramanujan's Entire Funtion. Given an arbitrary positive real number
0 < q < 1 and an arbitrary omplex number a, we dene[8, 12℄
(1) (a; q)∞ =
∞∏
k=0
(1 − aqk)
and the q-shifted fatorials
(2) (a; q)n =
(a; q)∞
(aqn; q)∞
,
for any integer n ∈ Z. Assuming that |z| < 1, the q-binomial theorem is[8, 12℄
(3)
(az; q)∞
(z; q)∞
=
∞∑
k=0
(a; q)k
(q; q)k
zk.
Its limiting ase
(4) (z; q)∞ =
∞∑
k=0
qk(k−1)/2
(q; q)k
(−z)k,
is one of many q-exponentials. For any n ∈ N, let
(5) R1(a;n) := (aq
n; q)∞ − 1
and
(6) R2(a;n) :=
1
(aqn; q)∞
− 1,
then it is not hard to see that[17℄
(7) |R1(a;n)| ≤ (−aq
2; q)∞aq
n
1− q
for a > 0 and
(8) |R2(a;n)| ≤ aq
n
(1 − q)(aq; q)∞
for 0 < aq < 1.
The Ramanujan's entire funtion Aq(z) is dened as[12℄
(9) Aq(z) =
∞∑
k=0
qk
2
(q; q)k
(−z)k.
Clearly, it satises the following three term reurrene
(10) Aq(z)−Aq(qz) = qzAq(q2z).
The funtion Aq(z) appears repeatedly in Ramanujan's work starting from the
Rogers-Ramanujan identities where Aq(−1) and Aq(−q) are expressed as innite
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produts[2℄. It is known that Aq(z) has innitely many zeros, and all of them are
positive[12℄. There have been many researhes around Aq(z) reently, for example,
to properties of and onjetures about its zeros, [4℄, [5℄, [9℄, [15℄. The Ramanujan's
Aq(z) is also alled as q-Airy funtion in the literature, but this is an unfortunate
name, sine Aq(z) has nothing to do with the lassial Airy funtions.
It is lear that
(11)
∣∣∣∣ (1− q)k(q; q)k qk
2
(−z)k
∣∣∣∣ ≤ (q |z|)kk!
for k = 0, 1, . . . and for any omplex number z. Applying the Lebesgue's dominated
onvergent theorem we have
(12) lim
q→1
Aq((1 − q)z) = e−z
for any z ∈ C. From (11) we also have obtained the inequality
(13) |Aq((1 − q)z)| ≤ eq|z|
for any omplex number z.
For any nonzero omplex number z, we dene the theta funtion as
(14) θ(z; q) =
∞∑
k=−∞
qk
2/2zk,
the Jaobi 's triple produt formula says that[8, 12℄
(15)
∞∑
k=−∞
qk
2/2zk = (q,−q1/2z,−q1/2/z; q)∞.
2.2. Chaoti Index. For a positive irrational number θ, Chebyshev 's theorem or
its more aurate ounterpart Khinhin's theorem implies that for any real number
β , there exist innitely many pairs of integers n and m with n > 0 suh that[10℄
(16) nθ = m+ β + γn with |γn| ≤ 3/n.
Clearly, Chebyshev 's theorem and Khinhin's theorem are saying that the arith-
meti progression {nθ}n∈Z is ergodi in R.
Denition 2.1. Given real number θ, the haoti index ω(θ) of θ is dened as the
least upper bound of the set of real numbers r suh that for any real number β,
there exist innitely many integers m and n with n > 0 suh that
(17) |nθ − β −m| ≤ C(θ, r)
nr
,
where C(θ, r) is a positive onstant whih depends only on θ and r.
Theorem 2.2. The haoti index ω(θ) ≥ 1 for any irrational number θ .
Proof. This is a diret onsequene of the Chebyshev 's theorem or the Khinthin's
theorem. 
Reall that the irrationality measure (or Liouville-Roth onstant) µ(θ) of a real
number θ is dened as the least upper bound of the set of real numbers r suh
that[28℄
(18) 0 < |nθ −m| < 1
nr−1
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is satised by innite number of integer pairs (n,m) with n > 0. It is lear that
we have ω(θ) ≤ µ(θ) − 1, sine given a real number r < ω(θ) in the denition2.1,
taking β = 0 in (17), we have
(19) |nθ −m| ≤ C(θ, r)
nr
Reall that a real algebrai number θ of degree l if it is a root of an irreduible
polynomial of degree l over the integer ring. Liouville's theorem in number theory
says that for a real algebrai number θ of degree l, there exists a positive onstant
K(θ) suh that for any integer m and n > 0 we have
(20) |nθ −m| > K(θ)
nl−1
.
A Liouville number is a real number θ suh that for any positive integer l there
exist innitely many integers n and m with n > 1 suh that[28℄
(21) 0 < |nθ −m| < 1
nl−1
,
and the terms in the ontinued fration expansion of every Liouville number are
unbounded. Even though the set of all Liouville numbers is of Lebesgue measure
zero, it is known that almost all real numbers are Liouville numbers topologially.
Theorem 2.3. The haoti index ω has the following properties:
(1) For any rational number θ ∈ Q, its haoti index ω(θ) is zero;
(2) For any real algebrai number θ of degree l, its haoti index ω(θ) ≤ l − 1;
(3) For any Liouville number θ, its haoti index ω(θ) =∞.
Proof. Let θ = ab for some a, b ∈ N with (a, b) = 1 and b > 0. If the rst laim
is not true, then there must be a positive number σ, and innitely many pair of
integers m and n with n > 0 suh that
|nθ −m− β| ≤ C(θ)
nσ
.
for all β ∈ R. Sine nθ − m are rational numbers with remainders in the set{
0, 1b , . . . ,
b−1
b
}
, so we ould pik a real number β and nd some positive onstant
M(b, β) suh that
|nθ −m− β| ≥M(b, β) > 0,
for any integer pairs n and m with n > 0, whih implies that
M(b, β) ≤ C(θ)
nσ
.
The last inequality is obviously false for n is large enough, whih proves the rst
assertion. The seond and the third assertions follow from the denition 2.1. 
It is lear that the quadrati irrationals suh as
√
2 have haoti index ω = 1.
A thorough study on the haoti index ω(θ) as a funtion in variable θ is very
desirable, but it is out of the sope of the urrent paper. It is also very natural for
us to onjeture the following:
Conjeture. The haoti index ω(θ) = µ(θ)− 1 for any real number θ and ω(θ) =
l− 1 if θ is a real algebrai number of degree l.
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3. Main Results
For any positive real number t, we onsider the following set
(22) S(t) = {{nt} : n ∈ N} .
It is lear that S(t) ⊂ [0, 1) and it is a nite set when t is rational. In this ase, for
any λ ∈ S(t), there are innitely many pair of integers n and m with n > 0 suh
that
(23) nt = m+ λ,
where
(24) m = ⌊nt⌋ .
If t is a positive irrational number, then S(t) is a subset of (0, 1) with innite
elements, and it is well-known that S(t) is uniformly distributed in (0, 1). Let r
be any positive number less the haoti index ω(t), for any β ∈ [0, 1), there are
innitely many pair of integers n and m with n > 0 suh that
(25) nt = m+ β + γn
with
(26) |γn| ≤ C(t, r)
nr
,
for some onstant C(t, r). It is lear that for n large enough, we may also have
(27) m = ⌊nt⌋ .
In the statements of our results, we also need the arithmeti funtion χ(n), the
prinipal harater modulo 2, whih is dened as
(28) χ(n) =
{
1 2 ∤ n
0 2 | n .
In the proof of the irrational saling parameter ase, we also make use of the
elementary inequality
(29) |ex − 1| ≤ |x|e|x|
for all x ∈ C.
3.1. Asymptotis of Aq(z). For the Ramanujan's entire funtion Aq(z), we have
the following:
Theorem 3.1. Given an arbitrary positive real number 0 < q < 1 and an arbitrary
nonzero omplex number u, we have
(1) Assuming that t is a positive rational number, for any λ ∈ S(t), there are
innitely many pairs of integers n and m satisfying (23) and (24) with
n > 0. For these n and m we have
(30) Aq(q
−ntu) =
(−u)⌊m/2⌋ {θ(−u−1qχ(m)+λ; q2) + r(n)}
(q; q)∞q⌊m/2⌋(nt−⌊m/2⌋)
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with
|r(n)| ≤ 3(−q
3; q)∞θ(|u|−1 qχ(m)+λ; q2)
(q; q)∞
×
{
qnt/4 +
qm
2/16
|u|⌊m/4⌋+1
}
.(31)
(2) Assuming that t is a positive irrational number and r is a positive number
stritly less the haoti index ω(t) of t, for any real number β ∈ [0, 1), there
are innitely many pair of integers n and m with n > 0 satisfying (25),
(26) and (27). For suh n and m we have
(32) Aq(q
−ntu) =
(−u)⌊m/2⌋ {θ(−u−1qχ(m)+β ; q2) +O (n−r)}
(q; q)∞q⌊m/2⌋(nt−⌊m/2⌋)
.
when n is large enough.
Proof. From (9), we have
(33) Aq(q
−ntu) =
∞∑
k=0
qk
2−knt
(q; q)k
(−u)k.
In the ase that t is a positive rational number, for any λ ∈ S(t) and n, m are large,
we have
Aq(q
−ntu)(q; q)∞ =
∞∑
k=0
(qk+1; q)∞q
k2−km−kλ(−u)k(34)
= s1 + s2
where
(35) s1 =
⌊m/2⌋∑
k=0
(qk+1; q)∞q
k2−km−kλ(−u)k
and
(36) s2 =
∞∑
k=⌊m/2⌋+1
(qk+1; q)∞q
k2−km−kλ(−u)k.
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In s1 we hange the summation from k to ⌊m/2⌋ − k, we have
s1q
⌊m/2⌋(nt−⌊m/2⌋)
(−u)⌊m/2⌋ =
⌊m/2⌋∑
k=0
(q⌊m/2⌋−k+1; q)∞q
k2 (−u−1qχ(m)+λ)k
=
∞∑
k=0
qk
2
(−u−1qχ(m)+λ)k
−
∞∑
k=⌊m/4⌋+1
qk
2
(−u−1qχ(m)+λ)k
+
⌊m/4⌋∑
k=0
qk
2
(−u−1qχ(m)+λ)k
(
(q⌊m/2⌋−k+1; q)∞ − 1
)
+
⌊m/2⌋∑
k=⌊m/4⌋+1
(q⌊m/2⌋−k+1; q)∞q
k2(−u−1qχ(m)+λ)k
=
∞∑
k=0
qk
2
(−u−1qχ(m)+λ)k + s11 + s12 + s13.
Clearly,
|s11 + s13| ≤ 2
∞∑
k=⌊m/4⌋+1
qk
2
(|u|−1 qχ(m)+λ)k
≤ 2q
m2/16
|u|⌊m/4⌋+1 θ(|u|
−1 qχ(m)+λ; q2).
By (7), for 0 ≤ k ≤ ⌊m/4⌋, we have
(37)
∣∣∣(q⌊m/2⌋−k+1; q)∞ − 1∣∣∣ = (−q3; q)∞
(q; q)∞
qnt/4,
then
|s12| ≤ (−q
3; q)∞q
nt/4
(q; q)∞
∞∑
k=0
qk
2
(|u|−1 qχ(m)+λ)k
≤ q
nt/4(−q3; q)∞θ(|u|−1 qχ(m)+λ; q2)
(q; q)∞
,
hene
(38)
s1q
⌊m/2⌋(nt−⌊m/2⌋)
(−u)⌊m/2⌋ =
∞∑
k=0
qk
2
(−u−1qχ(m)+λ)k + r1(n)
with
|r1(n)| ≤ 2(−q
3; q)∞θ(|u|−1 qχ(m)+λ; q2)
1− q(39)
×
{
qnt/4 +
qm
2/16
|u|⌊m/4⌋+1
}
.
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In s2 we hange the summation from k to k + ⌊m/2⌋
s2q
⌊m/2⌋(nt−⌊m/2⌋)
(−u)⌊m/2⌋ =
∞∑
k=1
(q⌊m/2⌋+k+1; q)∞q
k2(−uq−χ(m)−λ)k
=
∞∑
k=1
qk
2
(−uq−χ(m)−λ)k
+
∞∑
k=1
qk
2
(−uq−χ(m)−λ)k
[
(q⌊m/2⌋+1; q)∞ − 1
]
=
−1∑
k=−∞
qk
2
(−u−1qχ(m)+λ)k + r2(n).
By (7), for k ≥ 1
(40)
∣∣∣(q⌊m/2⌋+1; q)∞ − 1∣∣∣ ≤ qnt/2(−q3; q)∞
(q; q)∞
,
then
(41) |r2(n)| ≤ q
nt/2(−q3; q)∞θ(|u|−1 qχ(m)+λ; q2)
(q; q)∞
.
Thus we have proved that
(42) Aq(q
−ntu) =
(−u)⌊m/2⌋ {θ(−u−1qχ(m)+λ; q2) + r(n)}
(q; q)∞q⌊m/2⌋(nt−⌊m/2⌋)
with
|r(n)| ≤ 3(−q
3; q)∞θ(|u|−1 qχ(m)+λ; q)
1− q(43)
×
{
qnt/4 +
qm
2/16
|u|⌊m/4⌋+1
}
.
for n, m and λ satisfying (23) , (24)with n and m are large enough.
In the ase that t is a positive irrational number, for any real number β ∈ [0, 1),
when n and m satisfy (25), (26) and (27) and n is large enough, we take
(44) νn =
⌊
− logn
log q
⌋
,
then we have
Aq(q
−ntu)(q; q)∞ =
∞∑
k=0
(qk+1; q)∞q
k2−km−kβ−kγn(−u)k(45)
= s1 + s2,
with
(46) s1 =
⌊m/2⌋∑
k=0
(qk+1; q)∞q
k2−km−kβ−kγn(−u)k
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and
(47) s2 =
∞∑
k=⌊m/2⌋+1
(qk+1; q)∞q
k2−km−kβ−kγn(−u)k.
In s1, we hange summation from k to ⌊m/2⌋ − k,
s1q
⌊m/2⌋(nt−⌊m/2⌋)
(−u)⌊m/2⌋ =
⌊m/2⌋∑
k=0
(q⌊m/2⌋−k+1; q)∞q
k2(−u−1qχ(m)+β+γn)k
=
∞∑
k=0
qk
2
(−u−1qχ(m)+β)k
−
∞∑
k=νn+1
qk
2
(−u−1qχ(m)+β)k
+
νn∑
k=0
qk
2
(−u−1qχ(m)+β)k (qkγn − 1)
+
νn∑
k=0
qk
2
(−u−1qχ(m)+β+γn)k
{
(q⌊m/2⌋−k+1; q)∞ − 1
}
+
⌊m/2⌋∑
k=νn+1
qk
2
(−u−1qχ(m)+β+γn)k(q⌊m/2⌋−k+1; q)∞
=
∞∑
k=0
qk
2
(−u−1qχ(m)+β)k + s11 + s12 + s13 + s14,
thus there exists some onstant c11(q, u) suh that
|s11 + s14| ≤ 2
∞∑
k=νn+1
qk
2
(|u|−1qχ(m)+β)k
≤ c11(q, u)n−r logn
for n large enough, and there exists some onstant c12(q, u) suh that
|s12 + s13| ≤ c12(q, u)n−r logn,
for n large enough. Thus for n, m and β satisfying (25) , (26) and (27) and n is
large enough, there exists some onstant c1(q, u) suh that
(48)
s1q
⌊m/2⌋(nt−⌊m/2⌋)
(−u)⌊m/2⌋ =
∞∑
k=0
qk
2
(−u−1qχ(m)+β)k + e1(n)
with
(49) |e1(n)| ≤ c1(q, u)n−r logn.
Similarly, in s2 we hange summation from k to k+ ⌊m/2⌋, and we ould show that
there for n, m and β satisfying (25) , (26) and (27) and n is large enough, there
exists some onstant c2(q, u) suh that
(50)
s2q
⌊m/2⌋(nt−⌊m/2⌋)
(−u)⌊m/2⌋ =
−1∑
k=−∞
qk
2
(−u−1qχ(m)+β)k + e2(n)
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with
(51) |e2(n)| ≤ c2(q, u)n−r logn.
Thus we have
(52) Aq(q
−ntu) =
(−u)⌊m/2⌋ {θ(−u−1qχ(m)+β ; q2) +O (n−r logn)}
(q; q)∞q⌊m/2⌋(nt−⌊m/2⌋)
for n, m and β satisfying (25) , (26) and (27) and n is large enough. Sine logn =
O(n−ǫ) for any positive number ǫ, and any r is an arbitrary positive number stritly
less the haoti index ω(t), thus we have proved the last assertion. 
3.2. Asymptotis of Conuent Basi Hypergeometri Funtions. The phe-
nomenon demonstrated with Aq(z) in theorem3.1 is universal for a lass of entire
basi hypergeometri funtion of type
(53) f(z) =
∞∑
k=0
(a1, . . . , ar; q)kq
lk2
(b1, . . . , bs; q)k
zk,
with l > 0, where
(54) (a1, . . . , ar; q)k =
r∏
j=1
(aj ; q)k.
A basi hypergeometri series is formally dened as
(55) rφs
(
a1, . . . , ar
b1, . . . , bs
q, z
)
=
∞∑
k=0
(a1, . . . , ar; q)k
(b1, . . . , bs; q)k
zk
(
−q(k−1)/2
)k(s+1−r)
,
when s+ 1− r > 0, it is lear that the funtion
(56) rφs
(
a1, . . . , ar
b1, . . . , bs
q,−zq(s+1−r)/2
)
is of the form (53) with
(57) l =
s+ 1− r
2
.
For a lean statement of the following theorem, we also dene
(58) c(r, s; q) :=
(a1, . . . , ar; q)∞
(b1, . . . , bs; q)∞
.
We have similar results for (53) as theorem 3.1 for Aq(z), and their proof is very
similar to the proof of theorem 3.1 without any signiant hanges.
Theorem 3.2. Assume that
(59) 0 ≤ a1, . . . , ar, b1, . . . , bs < 1,
and 0 < q < 1. For any nonzero omplex number u, we have
(1) Given any positive rational number t, let λ ∈ S(t), there are innitely many
pair of integers n and m satisfying (23) and (24) with n > 0. For these n
and m we have
(60) f(q−lntu) =
(−u)⌊m/2⌋ {θ(u−1qlχ(m)+lλ; q2l) + r(n)}
c(s, r; q)ql⌊m/2⌋(nt−⌊m/2⌋)
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with
|r(n)| ≤ 2
r+s+2θ(|u|−1 qlχ(m)+lλ; q2l)
(q; q)r+s∞
×


s∏
j=1
(−bjq2; q)∞
r∏
j=1
(ajq; q)∞
qnt/4 +
qlm
2/16
|u|⌊m/4⌋+1


.(61)
for n, m and λ satisfying (23) and (24) with n is large enough.
(2) Given a positive irrational number t and a positive number r < ω(t), for
any real number β ∈ [0, 1), there are innitely many pair of integers n and
m satisfying (25), (26) and (27) with n > 0. For suh n and m we have
(62) f(q−lntu) =
(−u)⌊m/2⌋ {θ(u−1qlχ(m)+lλ; q2l) +O (n−r)}
c(s, r; q)ql⌊m/2⌋(nt−⌊m/2⌋)
.
for n is large enough.
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